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Université Paris-Saclay, Inria

June 22, 2023

Label Shift Quantification 1/26



Overview

1. Introduction
1.1 Label Shift

2. Related literature
2.1 Black-Box Shift Estimator
2.2 Kernel Mean Matching

3. Distribution Feature Matching
3.1 A general Approach
3.2 Theoretical guarantees
3.3 Robustness to contamination

4. Experiments
4.1 Mixture of Gaussians

Label Shift Quantification 2/26



Label Shift

Model

X : the data space.

Y : the label space, {1, · · · , c}.
P1, · · · ,Pc : A list of c distributions, one for each class.

A ”source” distribution.

P =
c∑

i=1

βiPi

A ”target” distribution.

Q =
c∑

i=1

α∗
i Pi
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Datasets

Datasets

{(xj , yj)}j∈[n] ∈ (X × Y)n, a labelled dataset : ”source”.

{xn+j}j∈[m] ∈ Xm, an unlabelled dataset : ”target”.

P̂i :=
1
ni

∑
j∈[n]:yj=i δxj (·).

Q̂ := 1
m

∑m
j=1 δxn+j (·).

β̃i :=
ni
n .

α̃i :=
mi
m ̸= α∗

i .
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Quantification

Quantification

Using P̂i and Q̂, estimate α∗.

Using P̂i and Q̂, estimate α̃.
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Classify and Count

→ Use a classifier f .

Classifier

Count the number of times your classifier outputs each class.

Classify and Count (CC)

α̂cc =

 1

m

m∑
j=1

1f (xn+j )=i


i

αcc = q(f (x) = i)i
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Black-Box Shift Estimator

→ Use the confusion matrix of a classifier.

q(f (x) = i) =
c∑

j=1

q(f (x) = i |y = j)q(y = j)

=
c∑

j=1

p(f (x) = i |y = j)q(y = j)

αcc = Mf × α∗

Black-Box Shift Estimator

α̂ = M̂f
−1

α̂cc
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Black-Box Shift Estimator

Black-Box Shift Estimator

α̂ = M̂f
−1

α̂cc

Alternative version: BBSE+

α̂ = argmin
α∈∆c

∥αM̂f − α̂cc∥2

where ∆c := {x ∈ Rc : x ≥ 0,
∑

xi = 1}.
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Kernel Mean Embedding

Kernel Methods

For a kernel k there exists a mapping Φ: X 7→ H such as:

k(x , y) = ⟨Φ(x),Φ(y)⟩H

Kernel Mean Embedding

Φ: M+
1 (X ) → H

P 7→ EX∼P[Φ(X )] = Φ(P)
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Kernel

Classical kernel

k(x , y) = xT y , linear.

k(x , y) = (γxT y + c0)
d , polynomial.

k(x , y) = tanh(γxT y + c0), sigmoid.

k(x , y) = exp(γ∥x − y∥2), gaussian.
k(x , y) = exp(−γ∥x − y∥1), laplacian.
k(x , y) = ∥x∥+ ∥y∥ − ∥x − y∥, energy.

k(x , y) =
(
1 + ∥x−y∥2

σ2

)−1
, cauchy.
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Maximum Mean Discrepancy

Maximum Mean Discrepancy

MMD(P,Q) = ∥Φ(P)− Φ(Q)∥H
= EP,P[k(X ,X )] + EQ,Q[k(Y ,Y )]− 2EP,Q[k(X ,Y )]
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Kernel Mean Matching

argmin
α∈∆c

MMD

(
c∑

i=1

αiPi ,Q

)
= argmin

α∈∆c
MMD

(
c∑

i=1

αiPi ,

c∑
i=1

α∗
i Pi

)
= α∗

Kernel Mean Matching

α̂ = argmin
α∈∆c

MMD

(
c∑

i=1

αi P̂i , Q̂

)

= argmin
α∈∆c

∥
c∑

i=1

αiΦ(P̂i )− Φ(Q̂)∥H
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A general Approach

→ Let ϕ : X → F be a fixed feature mapping from X into a Hilbert space F
(possibly F = RD).

Embedding

ϕ : M+
1 (X ) → F

P 7→ EX∼P[ϕ(X )] = ϕ(P)
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Distribution Feature Matching

Distribution Feature Matching (DFM)

α̂ = argmin
α∈∆c

∥
c∑

i=1

αiϕ(P̂i )− ϕ(Q̂)∥F
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BBSE+

→ ϕ(x) = (1{f (x) = i})i=1,...,c ∈ Rc

BBSE+ as DFM

ϕ(Q)i = q(f (x) = i) = αcc

ϕ(Pj)i = p(f (x) = i |y = j) = (Mf )i ,j

ϕ(P̂j)i = (M̂f )i

ϕ(Q̂)i = α̂cc
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Theoretical guarantees

Assumption
c∑

i=1

βiϕ(Pi ) = 0 ⇐⇒ β = 0 (A1)

and
∃C > 0 : ∥ϕ(x)∥ ≤ C for all x . (A2)
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Main Theorem

Theorem

For any δ ∈ (0, 1), with probability greater than 1− δ:

∥α̂− α∗∥2 ≤
2CR(δ+log c)√

∆min

(
∥w∥2√

n
+

1√
m

)
where Rx = 2 +

√
2 log(2/x), wi =

α∗
i

β̃i
, and ∆min := ∆min(ϕ(P̂1), · · · , ϕ(P̂c)).

The same result holds when replacing α∗ by the (unobserved) vector of
empirical proportions α̃ in the target sample, both on the left-hand side and in
the definition of w .

Label Shift Quantification 17/26



∆min

Let (b1, · · · , bc) be a c-uple of vectors of RD assumed to be linearly
independant. We denote M the Gram matrix of those vectors, i.e.
Mij = ⟨bi , bj⟩.

Theorem

For any number of classes c , ∆min is equal to min
∥u∥=1

1Tu=0

uTMu.

→ ∆min(b1, · · · , bc) is always greater than the smallest eigenvalue of the Gram
matrix.
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Properties of ∆min

Theorem

In particular for two classes, ∆min(b1, b2) =
1
2∥b1 − b2∥2.
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Robustness to contamination

Contaminated Label Shift

Q =
c∑

i=1

α∗
i Pi + α∗

0Q0 (CLS)

Soft Distribution Feature Matching (soft-DFM)

α̂soft = argmin
α∈int(∆c )

∥∥∥∥∥
c∑

i=1

αiϕ(P̂i )− ϕ(Q̂)

∥∥∥∥∥
2

F

,

where int(∆c) := {x ∈ Rc : x ≥ 0,
∑

xi ≤ 1}.
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Theorem for CLS

Introduce V̄ := Span{Φ(Pi ), i ∈ [c]} and let ΠV̄ be the orthogonal projection
on V̄ .

Corollary

With probability greater than 1− δ:

∥α̂soft − α∗∥2 ≤
1√
∆min

(
3ϵn + εm +

√
2α∗

0 ϵn ∥ϕ(Q0)∥+ ∥ΠV̄ (ϕ(Q0))∥F
)
,

ϵn = C
Rδ+log c√
mini ni

; εm = C
Rδ√
m
;
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Figure: RFFM is Kernel Mean Matching with Random Fourier Features to speed up the computation.
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Conclusion

We introduced a general approach for Label Shift Quantification.

We proposed to use Random Fourier Features to speed up the computation.

We provided a general theoretical analysis of DFM, improving over
previously known bounds derived for specific instantiations only.

We analysed theoretically the behavior of DFM under a new setting and
put into light a robustness against certain types of perturbations,
depending on the feature mapping used.
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Thank you for your attention.
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